A multiplicative semigroup (S, •) is called a ring-semigroup if addition, +, can be defined on S so that (S, +, •) is a ring. It is clear that not every semigroup is a ring-semigroup, thus, one seeks to study ring-semigroups with additional restrictions. Some of the recent activities along this direction are as follows : Ligh classified in [8] all the ring-semigroups in which each subsemigroup containing 0 is also a ring-semigroup. On the opposite end of Ligh's work, H. J. Shyr [12] showed that every subsemigroup of a free semigroup with zero is not a ring-semigroup. Using Ligh's result in [8] , the present authors [5] determined all the semigroups that are not ring-semigroups but each proper subsemigroup containing zero is a ring-semigroup.
For a survey of ring-semigroups, see [9] . 2 • Preliminaries • DEFINITION 1. A (left) near-ring R is a system with two binary operations, + and , such that (i) (22, + ) is a group, (ii) (22, •) is a semigroup, (iii) x(y + z) = xy + xz for all x, y, zeR, and (iv) 0x = 0 for all xeR.
For basic facts about near-rings, see [10] . Note that (right) near-rings are considered in [10] . DEFINITION 2. Let (S, •) be a multiplicative semigroup. Then S is called a near-ring-semigroup (NR-semigroup) if addition, +, can be defined on S so that (S, + , •) is a near-ring. An NR-semigroup is said to be hereditary if every subsemigroup containing 0 is an NR-semigroup. REMARK 1. Suppose S is a hereditary NR-semigroup and T is a subsemigroup of S. The near-ring T need not be a sub-near-ring of S. The problem of characterizing all the rings (22, + , •) in which each subsemigroup of (22, •) is a subring was begun in [3] and a complete solution is given in [6] and [8] . Motivated by the above problem, Ligh [8] obtained a complete classification of here-491 ditary ring-semigroups. PROPOSITION order, n, where n = 1, 2, 4, 6, 8, 12, 16, 24, 48 and a Mersenne prime.
[8] Let S be a ring-semigroup. Then S is hereditary if and only if S is either a zero semigroup or S\0 is a cyclic group of
The above result was instrumental in obtaining a classification of those semigroups which are not ring-semigroups but each proper subsemigroup is a ring-semigroup. For details, see [5] . REMARK 2. Since a zero, 0, can be adjoined to any semigroup S, we shall adopt the convention that all semigroups will contain the zero element. EXAMPLE 1. Let S be a semigroup with the property that ab = b for each a Φ 0, b e S. Then S is an NR-semigroup. But S is a ring-semigroup if and only if S has one element or two elements. EXAMPLE 2. Let G be any group and T(G) be the set of functions from G into G which leave the identity of G fixed. Under the operation, *, of composition, (T(G), *) is an NR-semigroup where addition is pointwise. Clearly T(G) is a ring-semigroup if and only if the order of G is one or two. EXAMPLE 3. Let S be the semigroup consisting of four elements 0, α, b, c with the defining relation: Ox = ax = 0, bx = ex = x for all x in S. Then S is a ring-semigroup with (S, +) = K, where K is the Klein group. On the other hand, S can be considered as a near-ring semigroup, where (S, +) = Z 4 . But the near-ring (S, +, •) is not a ring. EXAMPLE 4. Let S be a commutative semigroup with no nilpotent elements. If S is an NR-semigroup, then S is necessarily a ring-semigroup. This follows from the fact that a commutative near-ring with no nilpotent elements is a ring.
Since an infinite cyclic semigroup (or group) is not a ring-semigroup, the following result is a consequence of Example 4. PROPOSITION 
An infinite cyclic semigroup (or group) is not an Nil-semigroup.
3* Finite near-rings with no zero divisors* All near-rings considered in this section are finite. We wish to discuss briefly the three different types of near-rings with no zero divisors.
Let (jR, +, •) be a near-ring with no zero divisors. If ab = b for each a Φ 0 in R, then R is called trivial. If R has at least one nonzero element that is not a left identity, then R is called a near integral domain. If R has a unique left identity, then R is a near field.
We now summarize some of the results concerning near integral domains which will be needed later.
Let R be a near integral domain and x be an element of R. Since R has no zero divisors, there is a positive integer n such that x n = x and {x n~x ) = e = <r. For each idempotent e in 12* = J?\0, let G e = {rel?*: re = r}. PROPOSITION If the near-ring (S, +•) is trivial, then any subset of S is a subsemigroup. Since this multiplication, i.e., ab = b for a Φ 0, b in S, can always be defined on any group to get a near-ring, it follows that there is no other restriction on S.
Suppose the near-ring (S, +, •) is a near-field. Recall that (<S\0, •) is a group and any subsemigroup of S is indeed a subgroup. By a previous paper [7] , S is called a hereditary near-field group and a complete classification was obtained in [7] . PROPOSITION 4 [7] . A finite group G is a hereditary NR-semigroup if and only if G is one of the following:
( i ) 6 is cyclic of orders 1, 2, 4, 6, 8, 12, 16, 24, 48 and a Mersenne prime,
NOTE. Q 8 is the quaternion group of order 8. The non-com-mutative group M is metacyclic of order 24 and all the subgroups of M are 'cyclic of orders 2, 3, 4, 6, 8 and 12. The noncommutative group JV is of order 24 and all the subgroups are either cyclic of orders 2, 3, 4 and 6, or Q 8 . Henceforth Z n will denote the cyclic group of order n.
5* Finite hereditary NR-semigroups (near integral domain case). Let S be a finite hereditary NR-semigroup and (S, + , •) be a near integral domoin that is not a near-field. Recall from § 3 that for each idempotent e in S* = S\0, the set G e = {s eS*: se -s} is a group. Furthermore S* = U G e and there are at least two such Gr/s, say G e and Gv. The idempotents e and e' are left identities of S and G e = G e >. Since S is hereditary, each G e is the multiplicative semigroup of a near-ring F e . Thus F e is a near-field and by Proposition 4, we know precisely what each G e can possibly be.
Since there are at least two such G β 's, our task now is to determine exactly the structure of G e and how many pieces. Proof. Suppose G e = Q 8 . Since there are at least two such G β % let iV* = G e U Gv where G e ^ Gv by Proposition 3. It can be checked that N* is a subsemigroup of S*, thus, N= iNP U 0 is a near-ring. Hence (JV, +) = Z 1Ί and the automorphisms of (N, +) commute with each other. Suppose α, 6 are in G e . Define the maps α* and δ* as in Remark 3. Hence (α*°6*)(e) = (δ*o α *)(e) and it follows that abe -bae and ab = ba, contradicting Q 8 being a noncommutative group.
Suppose G e = Z 16 . As in above, let iV* = G e U Gv. Thus JSΓ = iV* U 0 is a near-ring of order 33. If a; is a generator of Z m then x* is an automorphism of (N, +) of order 16, contradicting Lemma 0.
Suppose Proof. Let R* =G β \jG β >. Thus i2* is a subsemigroup of S* and hence R = #* U 0 is a near-ring of order 2p + 1 = 2(2* -1) +1. Suppose 2 9+1 -1 = p? 1 -p** where each ^ is an odd prime. There is an element w of order p t in (iϊ, +). Without loss of generality, suppose w is in G e . Since G e is cyclic, w is a generator, hence each element in G e has additive order p t . Also ( -w) has order p t and since -w Φ w, there are an even number of elements of order p it Since G e has an odd number of elements, there is an element z of order p i in G e ,. By the above argument, each element in G e , has order p t . Thus (R, +) is a ^-group and the order of (R 9 +) is pp. Lemma 1] , n t = l and q + 1 is a prime. Consequently, # = 2 and p = 3. Now we are ready to determine the number of G/s in each S*. From the above lemmas and Proposition 4, we see that the only possible choices for the G e 's are: Z n9 n = 2, 3, 4, 6, 8, 12, 24 and the metacyclic group M of order 24. LEMMA 4. Suppose G e = Z n , n = 3, 6, 12, 24, or G e ^ ikf.
Proof. Suppose G e ~ Z z . Recall that U G e is a subsemigroup of S*, and if there were at least three idempotents, then N= G e U G e / U G β // supports a near integral domain N that has 10 elements. Let a; be a generator of G e . Then the map x* is of order 3 and this is impossible by Lemma 0.
Next suppose G e ~ Z n , n -6, 12, 24 or G e = M. Observe that in each case, G e has a cyclic subgroup of order 3. The above argument shows that S* can have only two pieces. Now assume that x-y Φ 0. Then iV = {0, x, j/, x^/, ^/x} is an NRsemigroup with five elements. But according to the tables given in [2] , each near-ring on Z δ has a left identity. A quick check shows that none of the elements in JV can be a left identity. Thus x-y = 0. Proof. By Lemma 10, x 2 = 0. If there is an element r in S such that r n Φ 0 for all n, then r k = r 2 * for some fc. Let e -r k . Then ccβ = 0. For if not, the set {0, x, e, αce} is an NR-semigroup. Thus e + x = 0 or α?β. In either case, #0 + a) = 0 and it follows that xe = 0, a contradiction. New let y be in S. By Lemma 9, ey -y and it follows that xy = &(e#) = (a?e)y = 0y = 0.
On the other hand, if every element in S is nilpotent, then xy = 0 by Lemma 11.
Summarizing the above, we have the following: THEOREM 2. For each x in S, either xS = S or xS = 0.
Let β 2 = e =£ 0 be in S. As before, define the set G e -{s e S*: se = s}. Each G e is a group and G e = G e > for nonzero idempotents e and e'. Before we can describe S 9 we need to show that the order of G e except G e ~ Z 2 , is the same as the order of G e a = {ga: geG e ), where α 2 = 0. Combining Since the group G e supports a near-ring, it follows that (G e , +, ) is a near-field. By [10, p. 239 ], x 2 -e in a near-field implies that x -e oτ x --e. Thus t/"^ = e or -e.
Suppose SΓHO =. -e. Then w = y( -e) and y{ -e)a = wa = ?/α. Thus ( -e)α = α.
There is an element z in G e such that z k -e with & > 2. Now if za Φ a, then {0, e, -e, a, za} is a subsemigroup that supports a near-ring. Examining all the semigroups of the near-rings that are defined on (Z δ , +) [2] , the above semigroup is not one of them. Hence za -a. By Lemma 13, either z = e or z 2 = e, a contradiction.
Thus 2/ -1 w = e and y = w.
REMARK 4. If the group G e ^ Z 2 -{x, e), then it is possible that xa -ea -a for some nilpotent element a. One such example is [2, 2.1, #7] .
Let us summarize and see what is happening at this point. Let S be a finite hereditary NR-semigroup. Then for each x in S, either xS = S or xS = 0. Clearly if xS = 0 for each x in S, then S is a zero semigroup. If S is not a zero semigroup, for e = β 2 ^ 0 in S f the set G e = {s e S: se = s} is a group and G e = G e , for β' = (e') 2 Φ 0. If a is a zero divisor, then a 2 = 0 and the order of (? e is the same as the order of G e a = {#α: ^ 6 G e } with the only exception of G e being isomorphic to Z 2 . Clearly the intersection of G e and G e a is empty. Since each G e is a hereditary NR-semigroup, the structure of G e is given by Proposition 4. In § 5 we have determined how many pieces of G e 's S can have in case that S is a near integral domain. Now applying the same techniques, we can determine the number of pieces for S in the case that S has proper zero divisors. The following lemma eliminates a few possibilities.
LEMMA 15. Suppose S is a finite hereditary Nil-semigroup and S is not a zero semigroup. Let e -e 2 be in S. Then the order of G e cannot be 6, 12, or 24.
Proof. Let a Φ 0 be a zero divisor of S. By Lemma 14, the two sets G e and G e a have the same number of elements. If the order of G e is either 6, 12, or 24, then G e has a subgroup T of order 6. Thus T has a [subgroup B of order 3, and B U Ta is a subsemigroup with 9 elements. But this implies that the additive group {B U Ta, +) has an automorphism of order 3, contradicting Lemma 0. 7* Sufficient conditions* In the previous sections we have determined the necessary conditions for a finite semigroup to be a hereditary NR-semigroup. In this section we shall provide the sufficient conditions. This will be accomplished, with a couple of exceptions, by applying the following result to our construction of NR-semigroups.
Let (G, +) be a group of order n and / be a ίixed-point-free automorphism of (G, +) of order m. Suppose there is a positive integer k such that n = km + 1. Let e 1 eG.
Then the set A 1 = {f'Xei) : 3 -If 2, , m} has m distinct elements. There is e 2 eG such that e 2 g A x . Define A 2 in a similar manner. Then it follows that the family {A t : t -1, 2,
, k] is pair wise disjoint and (G\0) = \Jί =ί A t = Ut=ιf j (et), j = 1,2, --, m . Define the operations, * and #, on G as follows:
Let q be a fixed integer such that 1 <; q < k. Proof. The proof is straightforward so will be omitted. Since Lemma 14 (see Remark 4 also) did not treat the case when G e = Z 2 , the following result fills the gap. That is, we shall show how to construct a near-ring from a semigroup S which is a union of Z 2 s and zero semigroups. This is the sufficiency of (i) 2 -0. This shows that S is of order 2ft. Let (S, +) ~ (Z 2k , +). Then (S, +) has a unique element of order two and using the map f{x) --x, and the operation % as defined in Theorem 4, it is easy to check that (S, +, #) is a near-ring. Hence S is a NR-semigroup. must be a group with 49 elements. Since the automorphism group of ^49 is commutative, it follows that (S, +) = Z 7 x Z 7 . If a near integral domain can be defined on S = Z 7 x Z 7 so that S\O = M\JM', it is necessary for the automorphism group of S to contain a subgroup isomorphic to M. The next result will show that such a near integral domain cannot exist.
First recall [4, Theorem 9.4.3] , the metacyclic group M is generated by x and y of orders 3 and 8 respectively with the relation xy -yx 2 . Let S -Z 7 x Z 7 . Then the automorphism group of S is isomorphic to GL (2, 7), the 2 by 2 nonsingular matrices over Z 7 [11, p. 130 The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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